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E
lectron transport through molecular-
scale systems and, in particular, across
molecular junctions has been the sub-

ject of intensive experimental1�4 and
theoretical1,3,5�7 investigations in the past
few decades. A key challenge in this area is
the detailed understanding of charge trans-
port through single molecules8 that are
possibly embedded in a suitable environ-
ment.1�4,6,9�11 In particular, the engineer-
ing of organic molecules and biomolecules
and tailoring of their properties by synthetic
methods yields much more design flexibil-
ity than that permitted by typical inorganic
materials. Extensive modeling studies are
needed to guide such inquiries.1

In recent years, redox molecular junctions,
that is, junctions whose operation involves
reversible transitions12 between two or more
oxidation states of the molecular bridge, have
been the focus of many experimental2,11,13�18

and theoretical5,7,9,19�21 studies, motivated by
important features of nonlinear charge trans-
port in such junctions and the controlmechan-
isms offered by the correlation between their
charging state and conductive properties.2,13

The ability of a molecular junction to switch
between redox states is synonymous with the
ability of the bridging molecule to localize an
electron during the transmission process,
which in turn depends on the relative align-
ment of the electrode Fermi levels andmolec-
ular energy levels (usually, the highest occu-
piedmolecular orbital (HOMO) and the lowest
unoccupiedmolecular orbital (LUMO)) and on
the interaction between the molecule and its
thermal environment. The former depends on
the bias potential and can be tuned by a gate
potential, making it possible to achieve control
of the molecular conductance.2,14

While redox molecular conduction junc-
tions can be envisioned in the gas phase or
in vacuum, most studies of systems have
focused on electrolyte solutions, where the
solvent plays a central role both in assisting

electron localization and in providing a
convenient environment for electrochemi-
cal gating.5,14�18,22�24 This has led to the
locution “wet electronics”14 and to the anal-
ysis of the transport properties of molecular
junctions in terms of Marcus-type electron
transfer (ET)25�27 at the source�bridge and
bridge�drain interfaces.
The “redox property” of a molecular

conduction junction stems from two fac-
tors that must appear simultaneously. First
and foremost is the existence of sequen-
tial ET processes that switch the molecule
between two (or more) charging states.
This requires that (a) relevant molecular
orbitals, for example, the LUMO and/or
HOMO, are or can become localized about
a molecular redox group (see Figure 1),
and (b) electron localization is stabilized
by suitable rearrangement and polarization
of the nuclear environment. Dominating ef-
fects of such thermalization and localiza-
tion processes mark the transition from
tunneling to hopping, as was discussed
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ABSTRACT Redox molecular junctions are molecular conduction junctions that involve more

than one oxidation state of the molecular bridge. This property is derived from the ability of the

molecule to transiently localize transmitting electrons, implying relatively weak molecule-leads

coupling and, in many cases, the validity of the Marcus theory of electron transfer. Here we study the

implications of this property on the nonlinear transport properties of such junctions. We obtain an

analytical solution of the integral equations that describe molecular conduction in the Marcus kinetic

regime and use it in different physical limits to predict some important features of nonlinear

transport in metal�molecule�metal junctions. In particular, conduction, rectification, and

negative differential resistance can be obtained in different regimes of interplay between two

different conduction channels associated with different localization properties of the excess

molecular charge, without specific assumptions about the electronic structure of the molecular

bridge. The predicted behaviors show temperature dependences typically observed in the

experiment. The validity of the proposed model and ways to test its predictions and implement

the implied control strategies are discussed.

KEYWORDS: molecular electronics . redox molecular junctions . electrochemical
electron transfer . Marcus theory . rectification . NDR
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extensively in the context of molecular electronic
transport.5,7,14,16,17

By themselves, these properties do not imply the
redox character of a junction. A second condition is
required: the existence of another transport channel
whose transmission efficiency is strongly affected by
the change in the molecular redox state. Such a
mechanism characterizes recent measurements of
charge transport in quantum point contacts29 and
was also proposed30 as a mechanism for negative
differential resistance (NDR) in spin-blockaded trans-
port through weakly coupled-double quantum dots.
It is important to emphasize the distinction implied

by the second condition formulated above. Obviously,
the first condition is sufficient for stating that conduc-
tion proceeds by consecutive transitions of the mole-
cule between (at least) two redox states. However, this
condition by itself is not enough for observing different
conduction properties associated with different oxida-
tion states, as would be the case when the second
condition is satisfied.
Thus, according to this picture, a “redox junction”

involves at least two transmission channels: one
whose relatively high efficiency is derived from a
delocalized orbital that is well coupled to both leads31

and another associated with a localized orbital that is
weakly connected to the leads for which (a) transient
electron trapping can reinforce itself by subsequent
nuclear relaxation and (b) electron trapping, i.e.,
change in molecular redox state, strongly affects trans-
port through the first channel. Many molecular bridges
are indeed characterized by orbitals of both types that
can potentially yield such behavior. Figure 1 displays, as
an example, the HOMO and LUMO of bipyridyl-dinitro
oligophenylene-ethynelene dithiol (BPDN) that show,
even before nuclear relaxation is accounted for, con-
siderable difference in localization properties.
The extension of the basic idea in ref 30 to weakly

coupled (redox) molecular junctions can be accom-
plished by its appropriate combination with a theo-
retical framework for suitable description of the
interfacial molecule�metal ET processes. This is the
subject of the present work, where we provide a
theoretical treatment that brings together the basics
of the model from ref 30 and the Marcus theory for
heterogeneous ET.25�27 In the next section, we pre-
sent a theoretical framework based on Marcus' ET
theory for the study of charge transport in molecular

junctions, valid when the molecular bridge is weakly
coupled to the metal electrodes.32 Then, we show
how the resulting theoretical model can be used to
study the current�voltage response of redox molec-
ular junctions and to predict and study various NDR
phenomena33�39 and their dependence on proper-
ties of the junction.

THEORETICAL MODELS

Single Channel System. Consider a molecular system
coupled weakly to two metal electrodes L and R that
are modeled as free electron reservoirs characterized
by the respective chemical potentials. We start with
the standard picture of a molecular bridge that com-
prises a single channel (“channel 1” in the following40),
two-state system: an oxidized state |Aæ and a re-
duced state |Bæ, with N � 1 and N electrons, respec-
tively. In the unbiased junction, the corresponding
energies, EA andEB, and their difference, ε1� EB� EA,
depend on the proximity to the metal surfaces
through the molecule�lead coupling, including image
interactions.

When the molecule�electrode couplings are weak,
so that the time scale for electron transfer is long
relative to that of thermal relaxation, electron transport
through the molecular junction takes place through
successive hopping processes, where each hopping
step is associated with a rate obtained within the
framework of the Marcus ET theory. The current�vol-
tage characteristics of such a junction were extensively
discussed in works by Kuznetsov and Ulstrup,5,7,23 and
are briefly reviewed here. The physics of ET between a
metal electrode and a molecule differs from that
between two molecular centers in two ways. First,
solvent reorganization is affected by redox transitions
on the molecule only: charging of the metal does not
affect the solvent since this charge quickly delocalizes.
Second, the energy balance includes the energy of
the electron transferring to/from the Fermi sea and
depends on themolecular energy level alignment with
respect to the lead Fermi energy and on the potential
bias in the junction.

For definiteness, we assign zero electrostatic po-
tential to the molecular location and denote the left (L)
and right (R) electrode potentials by φL and φR, respec-
tively, so that a positive bias voltage corresponds to
φR>φL. Assuming that the potential dropsmonotonically
across the junction, we take, for positive bias voltage,

Figure 1. Kohn�Sham (a) HOMO and (b) LUMO of the neutral BPDN.28 The B3LYP hybrid functional and the 6-31 g* basis set
were used.
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φR > 0 and φL < 0, henceΔφ = φR� φL = φRþ |φL|. In the
absence of nuclear relaxation, themolecule�electrode
ET rates are given by41

RKAB ¼
Z ¥

�¥
dEγK1 (E)fK (E)δ(E � ε1)

¼ γK1 (ε1)fK (ε1) (1a)

and

RKBA ¼
Z ¥

�¥
dEγK1 (E)[1 � fK (E)]δ(ε1 � E)

¼ γK1 (ε1)[1 � fK (ε1)] (1b)

where K = L or R. AB and BA refer to the processes Af B

(electron injection into the molecule) and B f A

(electron removal from the molecule), respectively. In
eqs 1a and 1b,

fK (E) ¼ 1

exp
E � μþ eφK

kBT

� �
þ 1

(2)

is the Fermi function describing the electronic occu-
pation in electrode K (μ, e, kB, and T are chemical
potential in the absence of bias, magnitude of the
electron charge, Boltzmann constant, and tempera-
ture, respectively), and γ1

K is given in terms of the
metal�molecule coupling, VAB

K , and the density of
single electron states in the metal, FK(E), by the golden
rule formula

γK1 (E) ¼
2π
p

jVK
ABj2FK (E) (3)

Taking nuclear relaxation into account, eqs 1a and
1b are replaced by

RKAB ¼
Z ¥

�¥
dEγK1 (E)fK (E)F1(E � ε1) (4a)

and

RKBA ¼
Z ¥

�¥
dEγK1 (E)[1 � fK (E)]F1(ε1 � E) (4b)

where, in the semiclassical limit, the function F1 has the
form25

F1(u) ¼ 1

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
πλ1kBT

p exp �(u � λ1)
2

4λ1kBT

" #
(5)

λ1 is the value of the reorganization energy for the ET
steps involved in the given transport channel and is
determined by the bridge charging state associated
with this channel. It is the free energy released by
relaxation of the nuclear environment to its stable
configuration following a sudden transition between
the charge distributions associated with the A and B

molecular states. In eqs 1 and 4, the energy integration
should be over the metallic band and is extended to
(¥ under the assumption that the integrand is well
included in this band.

Disregarding the energy dependence of γ1
K(E) and

changing integration variable, eqs 4a and 4b become42

RKAB ¼ γK1
2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
πλ1kBT

p
Z ¥

�¥
dE

1

exp
E

kBT

� �
þ 1

� exp �(Eþμ � ε1 � eφK � λ1)
2

4λ1kBT

" #
(6a)

and

RKBA ¼ γK1
2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
πλ1kBT

p
Z ¥

�¥
dE

1

exp � E

kBT

� �
þ 1

� exp �( � E � μþε1þeφK � λ1)
2

4λ1kBT

" #
(6b)

Equations 6 have been extensively used in theore-
tical analyses of electrochemical processes,43 including
electron transport in electrochemical molecular
junctions.20,21,44

In this work, in departure from standard treat-
ments we consider the general expressions obtained
from evaluating these integrals (see the Methods
section):

RKAB ¼ γK1
4
S(λ1, T ,RK ) exp �(RK � λ1)

2

4λ1kBT

" #
,

RKBA ¼ γK1
4
S(λ1, T ,RK ) exp �(RKþλ1)

2

4λ1kBT

" #
(7a)

where

RK � μ � ε1 � eφK (7b)

S(λ, T ,R) ¼ ∑
N

n¼ 0

1
2n ∑

n

j¼ 0
( � 1)j n

j

� �
[χj(λ, T ,R)

þ χj(λ, T , � R)] (7c)

χj(λ, T ,R) ¼ exp
[(2jþ 1)λþR]2

4λkBT

� �
erfc

(2jþ 1)λþR
2
ffiffiffiffiffiffiffiffiffiffi
λkBT

p
� �

(7d)

and the limit superior N truncates the otherwise
infinite sums.

In eqs 7a�7d, the ET rates are expressed as summa-
tions over analytic (or entire in the complex plane)
functions that depend on the values of the physical
parameters λ, ε1, μ, and T. These expressions open the
way to systematic approximations of the integrals in
eqs 6. For example, Hale's approximation to such
integrals,45 used in previous studies of electrochemical
redox reactions at solution-metal interfaces, amounts
to retain only χ0(λ1,T, � RL) and χ0(λ1,T,RR) in RAB

L and
RBA
R , respectively. As detailed in the Supporting Infor-

mation, the theoretical analysis in the Methods section
establishes such approximation under physical con-
straints weaker than those used in ref 45 and sets the
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general limits of its applicability in terms of the reor-

ganization energy and the applied bias. Another ap-

proximation adopted by Marcus26 considers only the

ET processes to and from the electrode Fermi levels.

This leads, essentially, to the common Gaussian (as a

function of the applied voltage) factor of eq 7a and can

appropriately describe the molecule�metal ET when

the overpotential43 and voltage20 are significantly

smaller than the reorganization energy. The same kind

of rate expression was used for bridge-metal ET in

redox molecular junctions, leading to current�voltage

characteristics where the current decreases at suffi-

ciently high bias voltages,5,7,46 while its behavior at

small biases depends on the system structure and

coupling parameters. Still another approximation

amounts to disregarding the term quadratic in the

bias-dependent reaction free energy in the argument

of the Marcus-type free energy factor of eqs 6. This

approximation is possible, over a suitably small bias

range, if the reorganization energy is much larger than

the reaction free energy for the given ET reaction and

leads to rates with exponential dependence on both

the reorganization and reaction free energies.20,21,41,44

All these approximations are, indeed, special cases of

eq 7a, which can be exploited to obtain further useful

approximations (see, e.g., Figure S1 in the Supporting

Information). We shall see that eqs 7a�7d provide

convenient ET rate expressions also for describing

the I�Δφ characteristics of electrochemical molecular

conduction junctions.
For the analysis below, it will be useful to define the

electron-exchange threshold voltage (EETV) at each
given contact as the electrode-molecule potential dif-
ference at which the pertinent transition rate reaches
half of its limiting (high-voltage) value. In a positively
biased junction (φL < 0 < φR), electrons move in the
direction LfMf R. The corresponding EETV values are
approximately given by (see the Methods section)

� eφEETV(AB)
L ¼ λ1 þ ε1 � μ (8a)

eφEETV(BA)
R ¼ λ1 � (ε1 � μ) (8b)

These thresholds depend on the reorganization
energy and on the alignment of the molecular level
relative to the metal Fermi energy in the unbiased
junction, as described by the energy gap ε1 � μ. Both
thresholds need to be overcome to obtain efficient
transport through the junction. For example, for ε1 � μ

>0, eqs 8a and8b imply that� φL
EETV(AB) >φR

EETV(BA). So, for
symmetrical potential distribution,� φL = φR =Δφ/2, the
transition L f M is rate limiting. In these situations, the
effect of the reorganization energy can become nontri-
vial. For example, if λ1 < ε1 � μ, the M f R transition is
enabled for anypositive voltage,while λ1 > ε1� μ implies
that there is a threshold potential. In the latter case, for an

asymmetric potential distribution such that � φL . φR,
the Mf R process may become rate limiting.

It should also be noted that when the EETVs are
surpassed for the forward (L f M f R) transfer, the
opposite rates are negligible. This follows from (see the
Methods section)

RKBA ¼ RKAB exp �RK

kBT

� �
(9)

For example, for λ1 of the order of 1 eV, eqs 7�9
show that the backward rates RBA

L and RAB
R are negli-

gible at voltages such that the forward rates RAB
L and

RBA
R , hence, the current through the given channel, are

not yet appreciable. We will see that the backward
rates can play a role when more than one channel is
involved in the junction transport process.

Given the rates in eq 7, the steady-state current can
be obtained from the classical rate equations for the
probabilities PA and PB = 1� PA for the molecule to be
in states |Aæ and |Bæ, respectively:

dPA
dt

¼ � PARAB þ PBRBA ¼ 0 (10)

where RAB = RAB
L þ RAB

R and RBA = RBA
L þ RBA

R . Using eq 9,
this leads to the following equation for the steady-state
current I:

I

e
¼ RLABR

R
BA � RRABR

L
BA

RAB þ RBA

¼ RLABR
R
BA 1 � exp �eΔφ

kBT

� �" #( )

= RLAB 1þ exp �μ � ε1 � eφL

kBT

� �" #(

þ RRBA 1þ exp �ε1 � μþ eφR

kBT

� �" #)
(11a)

For positive bias (φL < 0, φR > 0), the current becomes
significant at bias voltages that satisfy both eq 8a and 8b.
When thebackwardET rates canbedisregarded, this yields

I

e
=

RLABR
R
BA

RLAB þ RRBA
1 � exp �eΔφ

kBT

� �" #
(11b)

Figure 2. I/(eγ1
L) plotted against Δφ, from eq 11a (blue,

green, and black) or eq 12 (red), for a one-channel system
characterized by the parameters: T=298K,�φL=φR=Δφ/2,
ε1 � μ = 0.5 eV, and (a) γ1

L = γ1
R (symmetrical contacts) and

λ1 = 0 eV (blue line), 0.25 eV (green), 1 eV (black and red); (b)
γ1
R = 0.01γ1

L (markedly asymmetric contacts) and λ1 = 1.0 eV.
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Moreover, the exponential in the brackets is negligible
when the bias is such that eΔφ. kBT, leading to

I

e
=

RLABR
R
BA

RLAB þ RRBA
(12)

Figure 2 illustrates some results based on the full
steady state eq 11a and the approximation of eq 12. As
shown in Figure 2a, electronic-nuclear coupling
(expressed by the reorganization energy) affects both
the EETVs (thus, the threshold voltage across the
junction for the onset of appreciable current) and
the voltage width of the threshold region. It is seen
that the larger is the reorganization energy, the
smaller is the effect of a given potential change on
the energetics of the system and the larger is the
width of the current rise along the bias sweep (see
Figure 2a). This is, indeed, rigorously quantified by eqs
7 (see also the approximate eqs 33�34). Figure 2 also
shows that essentially the behavior of the current,
including its rise to the high-bias plateau value, is
well described by eq 12. This extends significantly
the applicability of eq 12 compared to its use in
ref 30. Obviously, the exact expression of eq 11a is
to be used to obtain the exact current�voltage
response at low bias (visible in the semilog plots of
the insets), in particular, for evaluating the initial slope
dI/d(Δφ)|Δφ=0 and at high temperature.

The differential conductance g = dI/d(Δφ) (Figure 3)
shows, as a function of the bias, a peak41 that is
approximately located at the voltage Δφ = 2|φL| =
2(λ1 þ ε1 � μ)/e. Similar peaks in the I � Δφ curve
are an experimental signature of weak couplings be-
tween bridge and leads (see, e.g., refs 47 and 48).

Two Channel System. Next, consider a molecule char-
acterized by three states, |Aæ, |Bæ, and |Cæ, which are
accessible within the bias range of interest. In particu-
lar, following ref 30, we focus on the casewhere |Aæ and
|Bæ correspond, as above, to two different molecular
charging states, while state |Cæ has energy EC = EA þ ε2
and the same number of electrons as |Bæ. For example,
|Bæ and |Cæmay be the ground and first-excited states,
respectively, of the molecular system with one excess
electron, while states corresponding to a doubly
charged molecule are assumed to be too high in
energy to contribute in the voltage range considered
here. The A T C transition thus constitutes another
transmission channel, channel 2, characterized by a
reorganization energy λ2. The analogs of eqs 8a and 8b
for this channel are then

� eφEETV(AC)
L ¼ λ2 þ ε2 � μ (13a)

eφEETV(CA)
R ¼ λ2 � (ε2 � μ) (13b)

The system is now characterized by two transport
channels that involve the A T B and A T C ET
processes. Kinetic equations analogous to eq 10 yield

(see the Methods section)

I ¼ 1= 1þ
RLAB þ RRBA exp �ε1 � μþ eφR

kBT

� �

RRBA þ RLAB exp �μ � ε1 � eφL

kBT

� �
8>><
>>:

þ
RLAC þ RRCA exp �ε2 � μþ eφR

kBT

� �

RRCA þ RLAC exp �μ � ε2 � eφL

kBT

� �
9>>=
>>;

� IAB 1þ
RLAB þ RRBA exp �ε1 � μþ eφR

kBT

� �

RRBA þ RLAB exp �μ � ε1 � eφL

kBT

� �
2
6664

3
7775

8>><
>>:

þ IAC 1þ
RLAC þ RRCA exp �ε2 � μþ eφR

kBT

� �

RRCA þ RLAC exp �μ � ε2 � eφL

kBT

� �
2
6664

3
7775
9>>=
>>;

(14)

where RAC
L and RCA

R are the rates of the forward (left to
right) ET processes that involve |Cæ, given by expres-
sions similar to the first eq 7a for K = L and the second
eq 7a for K= R, respectively, except that B, ε1, λ1, γ1

L, and
γ1
R are replaced by C, ε2, λ2, γ2

L, and γ2
R.49 IAB and IAC are

the currents that would be obtained if |Cæ or |Bæ,
respectively, were inaccessible. Note, however, that
when both channels are active, IAB and IAC do not
simply combine additively to give the overall current,
because each of the bias-dependent probabilities

Figure 3. g/(eγ1
L) versusΔφ, computed by the expression of

the current in eq 11a, for the same model parameters as in
Figure 2a. The same color code is employed.

Figure 4. I/(eγ2
L) versusΔφ, computed from eq 14 (black) and

eq15 (red) withmodel parameters T=298K,� φL=φR=Δφ/2,
ε1� μ=0.2eV, ε2�μ=0.4eV,γ1

L =γ1
R=γ2

L =γ2
R,λ1 =0.4 eV, and

(a) λ2 = 0.5 eV or (b) λ2 = 1.2 eV.
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depends on the existence of threemolecular electronic
states.

When the backward ET rates can be disregarded,
eq 14 is simplified to give the analog of eq 12:

I

e
=

RLAB þ RLAC

1þ RLAB
RRBA

þ RLAC
RRCA

(15)

As before, we shall see that eq 15 has a broad range
of validity and can describe the full current�voltage
response in several cases (e.g., see Figure 4), not only in
the plateau regime as asserted in ref 30.

If channels 1 and 2 are accessed sequentially, then
the current is described by eqs 11a and 11b when
channel 2 is not involved. Above the threshold bias for
channel 2, the two channels compete in determining I.
By comparing eqs 8 and 13, and assuming for definite-
ness that ε2 � μ > 0, eqs 33 and 34 (see the Methods
section) lead to the following condition for sequential
access when |φL| = φR = Δφ/2:

jφEETV(AC)
L j �max(jφEETV(AB)

L j, φEETV(BA)
R )g

2s
e

ffiffiffiffiffiffiffi
kBT

p
(
ffiffiffiffiffi
λ1

p
þ

ffiffiffiffiffi
λ2

p
)

(16)

where s is a positive real number such that erfc(u) can
be considered negligible for ug s, namely, the EETV for
appreciable occupation of the C state is larger than the
maximum EETV involved in the electron transport
through channel 1 by at least the sum of the widths
of the voltage ranges where the respective transition
rates rise up. The right-hand side of eq 16 is a con-
sequence of the smoothed voltage dependence of the
current in the presence of nuclear relaxation effects.

Figure 4 shows two examples of I � Δφ character-
istics resulting from the above equations. In Figure 4a,
the current steps associated with the two channels are
merged into a single step, while two distinct steps are
seen in Figure 4b because of the different reorganiza-
tion energies associated with the two channels.

We conclude this sectionwith the following remarks:
(i) Despite the excellent performance of eq 15 in

several cases, as exemplified in Figure 4, there
are also cases where it fails in predicting the
current�voltage characteristics in significant
bias ranges and regarding important features
(see the section below on NDR) so that eq 14
must be used.

(ii) In the classical rate picture (diagonal density
matrix) assumed here, channels 1 and 2 provide
distinct transmission routes: An electron trans-
mission event either involves one or the other.
Moreover, they aremutually exclusive: the outer
molecular orbital pertaining to state |Bæ cannot
be occupied if the one pertaining to state |Cæ is
already occupied, and vice versa. If themolecule
is trapped in state |Cæ, transmission via channel
1 cannot take place. Physically, this implies as

was already stated above, that in the voltage
range of interest the molecule cannot enter a
doubly charged state that accommodates the
two electrons in orbitals 1 and 2.

(iii) With reference to eq 16, it is worth noting that
for λ2 6¼ 0, if the threshold voltage for efficient
C f A transition with ET to the R lead is larger
than that for the reverse process involving the L
contact, then channel 2 is enabled at higher
biases than those required for the access of
state |Cæ. Therefore, in a given voltage range,
the transferring electron can be trapped in |Cæ
rather than being carried across the junction
through the AB channel. As a result, the AC

transport channel can be “accessed” and thus
affect the current while it is still not able to
convey appreciable current. Hence, the possi-
ble mismatch between the threshold biases for
the access of state |Cæ and the activation of the
corresponding transport channel needs gener-
ally to be considered along with eq 16 to
understand phenomena such as NDR in terms
of the interplay between the dynamics of the
two channels (see the section on NDR).

(iv) In the notation, an ideal gate voltage (that
affects only energetics in the bridging
molecule),Vg, is entered by the substitution
φK f φK þ Vg, or the equivalent substitution
{ε1, ε2} f {ε1 þ eVg, ε2 þ eVg}, in eqs 7 and
the corresponding equations for channel 2
for both K = L, R.

CURRENT RECTIFICATION AND CONTROL IN THE
ONE-CHANNEL MODEL

It has long been known50 that asymmetric potential
distribution in a junction (in ourmodel,�φL 6¼ φR) leads
to rectification behavior. While the principle remains,
its manifestation depends on the nuclear reorganiza-
tion. To see this, let us consider the two-state model
discussed above and, following ref 50, characterize the
voltage distribution in the junction by

φL ¼ �wΔφ, φR ¼ (1 �w)Δφ (17)

where 0 e w e 1 is the voltage division factor.51 By
making explicit the dependence of the current on w

and Δφ, eq 11a takes the form

I(Δφ;w)
e

¼ � I( �Δφ; 1 �w)
e

¼ RLAB(wΔφ)R
R
BA((1 �w)Δφ) 1 � exp �eΔφ

kBT

� �" #( )

= RLAB(wΔφ) 1þ exp �μ � ε1 þwΔφ

kBT

� �" #(

þ RRBA((1 �w)Δφ) 1þ exp �ε1 � μþ (1 �w)Δφ
kBT

� �� ��
(18)
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Consistently with the result of ref 50, eq 18 implies that,
for a given junction with a fixed w, |I(Δφ;w)/I(� Δφ;w)|
6¼ 1 unlessw= 1/2. However, themolecular and solvent
reorganization following each ET process affects this
behavior in a significant way, as discussed below.
For w 6¼ (1/2), insertion of eqs 17 into eqs 8a and 8b,

as well as into the corresponding conditions for nega-
tive bias, namely

eφEETV(BA)
L ¼ λ1 � (ε1 � μ) (19a)

� eφEETV(AB)
R ¼ λ1 þ ε1 � μ (19b)

leads to the threshold voltages for enabling the mo-
lecular channel under positive and negative voltages:

Δφ > max �φEETV(AB)
L

w
,
φEETV(BA)
R

1 �w

" #

¼ max
1
w

λ1 þ ε1 � μ

e
,

1
1 �w

λ1 � (ε1 � μ)
e

� �

(Δφ > 0) (20a)

�Δφ > max
eφEETV(BA)

L

w
, � eφEETV(AB)

R

1 �w

" #

¼ max
1
w

λ1 � (ε1 � μ)
e

,
1

1 �w

λ1 þ ε1 � μ

e

� �
(Δφ < 0) (20b)

For ε1 � μ > 0 and λ1 = 0, these conditions read

Δφ >
1
w

ε1 � μ

e
(Δφ > 0) (21a)

�Δφ >
1

1 �w

ε1 � μ

e
(Δφ < 0) (21b)

which are identical to eq 2 of ref 50. Equations 20a and
20b represent the generalization of these conditions
to cases where nuclear reorganization plays a role in
the charge transfer processes. As shown in Figure 5, for
w close to unity, the rectification effect, quantified for
any given Δφ by |I(Δφ > 0;w)/I(Δφ < 0;w)|, depends on
the value of λ1. The difference between the limiting
situations, among those illustrated, is easily under-
stood from a comparison between eqs 20 and 21. For
λ1 = 0, the threshold imposed by eq 21b is not over-
come in the explored negative bias range and no
appreciable current is obtained for Δφ < 0. Instead,
the current reaches its high-voltage maximum value
under positive bias, in agreement with eq 21a (see
black characteristic). On the contrary, for λ1 sufficiently
larger than ε1� μ (as, e.g., in the case of the red charac-
teristics), neither of the conditions in eqs 20 is achieved
in the spanned voltage range, and the current remains
negligible also under positive bias.
To gain a better understanding of the modulation of

threshold bias and plateau current by the reorganization

energy, as shown in Figure 5, we consider eq 18 in the
limiting cases wf 0 and wf 1:

lim
w f 0

I(Δφ;w)
e

= RLAB(0)R
R
BA(Δφ) 1 � exp �eΔφ

kBT

� �" #( )

= RLAB(0) 1þ exp
ε1 � μ

kBT

� �" #(

þ RRBA(Δφ) 1þ exp �ε1 � μþ eΔφ

kBT

� �" #)
(22a)

lim
w f 1

I(Δφ;w)
e

= RLAB(Δφ)R
R
BA(0) 1 � exp �eΔφ

kBT

� �" #( )

= RLAB(Δφ) 1þ exp �μ � ε1 þ eΔφ

kBT

� �" #(

þ RRBA(0) 1þ exp
μ � ε1
kBT

� �" #)
(22b)

Equations 7or eqs 33 and34 imply that the valueofRAB
L at

zero bias is negligible compared to its maximum, γ1
L,

wheneverλ1. kBT. Thismakes thefirst limit negligible. In
contrast, RAB

L takes the plateau value, γ1
L, sufficiently

above the threshold bias given by eq 8a. On the other
hand, RBA

R (0) is of the order of γ1
R for |λ1 � (ε1 � μ)| <

2(λ1kBT)
1/2, as shown by eqs 7 or eq 34. Thereby, for the

common situation ε1 � μ . kBT, the insertion of eqs 7
into eqs 22 leads to

lim
w f 0

I(Δφ;w)
e

= 0, Δφg0 (23a)

lim
w f 1

I(Δφ;w)
e

=

γL1γ
R
1S(λ1, T, μ � ε1) exp �(μ � ε1þλ1)

2

4λ1kBT

" #( )

= 4γL1 þ γR1S(λ1, T ,μ � ε1) exp �(μ � ε1þλ1)
2

4λ1kBT

" #( )
,

Δφ � λ1 þ ε1 � μ

e
.2

ffiffiffiffiffiffiffiffiffiffiffiffi
λ1kBT

p
(23b)

Eq 23a and the first equality in eq 18 imply a negligible
current under Δφ e 0 for the cases with w f 1
represented in Figure 5. On the contrary, eq 23b estab-
lishes the threshold voltage for the onset of appreciable
current and its limiting value in any reasonable bias
range.52 Both quantities are tuned by the value of the
reorganization energy and depend also on the tempera-
ture. In particular, notice that the plateau current
is generally different from the value eγ1

Lγ1
R/(γ1

L þ γ1
R)

obtained when λ1 = 0.30

We conclude by reiterating the important observa-
tion that, as with other conduction properties, also the
rectification behavior of asymmetric redox junctions is
affected by the dielectric relaxation of the solvent
environment, which often provides the main contribu-
tion to the reorganization energy.
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THREE-STATE MODEL: CHANNEL COMPETITION
AND NDR

A richer array of behaviors results from the simulta-
neous operation of the two transport channels in the
three-state model. Indeed, Muralidharan and Datta30

have shown that such junction can display NDR if the
AC channel, which is accessed at higher bias voltage,
has a blocking character. This can happen if the system
can go relatively easily into state |Cæ, but, once there,
takes a long time to switch back to |Aæ. Because this
route competes with the conducting AB pathway,
conductance goes down at the threshold bias voltage
for populating |Cæ. We note that stabilization by solvent
reorganization following the occupation of state |Cæ is
one way to impart a blocking character to this state.
In the Methods section, we reproduce the kinetic

analysis of ref 30, which leads to the condition

1
γR2

>
1
γL1

þ 1
γR1

(24)

for current collapse or NDR under increasing positive
bias voltage, assuming sequential access of the two
transport channels and disregarding the backward
electron transfer in the bias range where NDR appears.
In this section, we show that the nuclear reorganization
energies that characterize the two conduction modes
play an important role in the competitive transport
through the AB and AC channels. Before discussing the
effects of λ1 and λ2, it is useful to consider the general
mechanism of channel competition by means of the
following expression of the current:

I ¼ 1

1þ RAB
RBA

þ RAC
RCA

IAB 1þ RAB
RBA

� �
þ IAC 1þ RAC

RCA

� �" #

¼ (PA þ PB)IAB þ (PA þ PC )IAC
(25)

obtained by combining eqs 40 and 41 from the
Methods section. The first term in the last expression
is the probability that the molecular bridge is in state A
or B (hence, channel 1 is active) multiplied by IAB, which

would be the pertinent current in the absence of state
C. The second term is similarly described for channel 2.
PA is clearly involved in the occupation probabilities of
both transport channels, while PB and PC correspond to
mutually exclusive events and must satisfy the con-
straint PB þ PC = 1 � PA. Overall, eq 25 expresses the
nonadditivity of IAB and IAC, due to the mutually
exclusive nature of the transport through the corre-
sponding channels. At biases such that PC and, thus, IAC
are negligible, IAB equals the total current through the
junction (e.g., see Figure 6b below). In contrast, in
general, IAC does not approximate the actual current
at any voltage. It is interesting to note that the pre-
sence of channel 2 can significantly affect the current
even at biases where both the A f C and C f A

transition rates are negligible. This occurs if RCA , RAC
or, at high enough bias, RCA

R , RAC
L , even if RAC

L is much
smaller than RAB

L and RBA
R . In this case, eq 40 gives PA= 0,

PB= 0, PC= 1, and eq 25 yields I= IAC= 0. This is easily
understood by considering a gedanken experiment
where the system is observed for a virtually infinite
time at each applied voltageΔφ. ManyAT B andATC

transitions take place at that Δφ, and the bias-depen-
dent probabilities of |Aæ, |Bæ, and |Cæ can be measured.
Then a high RAC

L /RCA
R value implies that the system

spends most time in state |Cæ, so that PA and PB are
negligible and the current is given by the very small IAC.

Effect of the Channel Reorganization Energies on NDR
Phenomena. Consider now the effect of nuclear relaxa-
tion on such NDR phenomena. Within our present
framework, they arise from the dependence of the
rates that appear in eq 25 on the reorganization
energies λ1 and λ2. It should be noted that in many
circumstances one may expect |λ2 � λ1| < λ1,λ2,
because both reorganization energies correspond to
a change in molecular charge between states |Aæ and
either |Bæ or |Cæ, while the difference λ2 � λ1 corre-
sponds to transition between two states of the same
charge. However, one can envisage several cases
where |λ2 � λ1|/λ1 is significantly larger than unity.
For example, this is the case in systems such as
dithiophene�tetrathiafulvalene53 and alumina,54 in
which the reorganization energies are dominated by
intramolecular relaxation. This may also happen when
the B and C states involve very different distributions of
the excess charge on the molecule: the reorganization
energy is relatively small and not appreciably affected
by the presence of a redox site if the transferring
electron is delocalized over the molecule,55 while it is
expected to be much larger if the charge localizes at
the redox center.56 Furthermore, metal�molecule�
metal electron transfers mediated by different redox
moieties in the molecule (e.g., in azurin57) can also
imply very different λ1 and λ2 values. In such cases, we
expect large effect of the reorganization energies on
the resulting NDR effects as shown in Figures 6 and 7
below.

Figure 5. I/(eγ1
L) versus Δφ obtained from eq 18 with para-

meters T = 298 K, γ1
L = γ1

R,w = 1� 10 �5, ε1� μ = 0.4 eV, and
λ1 = 0 (black), 0.25 (blue), 0.5 (green), 0.75 (gray), and 1.25
eV (red).
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Figure 6 shows current�voltage characteristics for
systems with the same molecular level and coupling
parameters, but with different reorganization energies.
Although the junction parameters satisfy eq 24 in all
cases, NDR is seen only in panels a and b. The char-
acteristics of Figure 6a,b for nonzero λ1 and λ2 (black
lines) show that the current peak broadens and shifts
to higher bias voltages compared to the case λ1 = λ2 = 0
(blue line in Figure 6a), while the peak current depends
on the difference λ2 � λ1.

In Figure 6a,b, the two channels are accessed
sequentially, as established by eq 16 for the given
model parameters. As the bias increases, I grows as IAB
before channel 2 is accessed. In this bias range, RAC

L is
negligible and indeed smaller than RCA

R (see red-dashed
line in panel b) because of the respective EETV values,
as given by eqs 13a and 13b. Therefore, the molecular
system has a negligible probability to be trapped in
state |Cæ. Above Δφ ∼ 2.5 eV, channel 2 becomes
accessible and RAC

L increases and becomes similar in
magnitude to the rates into and out of state |Bæ. Once
RAC
L /RCA

R approaches its plateau value of γ2
L/γ2

R = 10, the
transferring charge can be temporarily trapped in state
|Cæ, leading to decreasing current through the junction,
manifestation of NDR. Thereafter, the steady-state
current takes its plateau value arising from the compe-
tition between the two fully operating transport chan-
nels, as described by eq 25.

NDR does not occur in Figure 6c, although eq 24 is
satisfied, because in this case the two conduction
channels are not accessed sequentially. In fact, IAB,
RAC
L /RCA

R and so IAC rise essentially in the same voltage
range and, as a result, the current smoothly reaches its
high-voltage valuewithout going through amaximum.

NDR does not occur also in the case of Figure 6d,
where the current reaches the plateau value of IAC and
then increases to its high-voltage plateau value. Here,
because of the large reorganization energy that char-
acterizes the AB channel, the order in which the two
channels are accessed is inverted relative to that
expected from the values of ε1 and ε2 themselves.
Eq 24, recast in the form

1
γR1

>
1
γL2

þ 1
γR2

(26)

is in fact not satisfied, in agreementwith the absence of
NDR in this case. Notice that the occurrence of cases
such as shown in Figure 6d, where the access order of
the two transport channels is determined by the
corresponding reorganization energies rather than
the bare energies ε1 and ε2, generally requires a
significant difference between λ1 and λ2. In contrast,
cases as seen in Figure 6a�c can commonly take place
for similar values of λ1 and λ2.

Figure 7 shows scenarios unpredicted by either
eq 24 or eq 26 that arise in the presence of λ1 and λ2.

Figure 6. I/(eγ1
L) versus Δφ, obtained by means of eq 14 (blue and black full lines), for a two-channel junction with different

values of the reorganization energies associated with the two channels. The parameters are ε1� μ = 0.2 eV, ε2� μ = 0.6 eV, γ1
L

= γ1
R= γ2

L =10γ2
R,� φL=φR=Δφ/2, T= 298K and (a) blue line: λ1 = λ2 = 0 eV; black line: λ1 = 0.5 eV, λ2 = 0.6 eV; (b) λ1 = 0.25 eV, λ2

= 0.8 eV; (c) λ1 = 0.9 eV, λ2 = 0.55 eV; (d) λ1 = 1.2 eV, λ2 = 0.25 eV. Black dashed line: IAB obtained fromeq 11a. Black dash-dotted
line: IAC obtained from the analog of eq 11a for the AC channel. The (1/2)log10(RAC

L /RCA
R ) is also shown (red dashed line) in the

voltage range, where RAC
L g RCA

R .

Figure 7. I/(eγ1
L) plotted against Δφ eq 14 in the two-channel model with parameters: T = 298 K, � φL = wΔφ, and φR = (1 �

w)Δφ, with w = 0.9, ε1 � μ = 0.2 eV, ε2 � μ = 0.6 eV, λ1 = 0.3 eV, and λ2 = 1.2 eV. In (a) and (b), the coupling strengths to the
electrodes are given by γ1

L = γ1
R = γ2

L = γ2
R. The red dashed line in (a) displays (1/2)log10(RAC

L /RCA
R ). The black curve in (b) is

reported from (a), while the blue curve corresponds to λ1 = λ2 = 0. In (c),γ1
R=γ2

R=9γ1
L =9γ2

L and the characteristic in green color
is obtained for ε2 � μ = 0.4 eV.
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Here we assume an asymmetric potential distribution,
taking the asymmetry parameter to be w = 0.9, usually
implying that one lead is more strongly connected to
themolecular bridge than its counterpart.50 Becausew
is close to unity and λ2 is significantly larger than ε2� μ,
the second term in the brackets of eq 20a, rewritten for
channel 2, implies a large threshold for the C f A

transition at the R contact. Thus, at low enough vol-
tages, I = IAB. In the bias voltage range �φL

EETV(AC)/w <
Δφ < φR

EETV(CA)/(1� w), the transferring electron has an
appreciable probability to be trapped in the molecular
state |Cæ, as quantified by the increase in the ratio RAC

L /
RCA
R (see panel a), and the current decreases, namely,

NDR occurs. Note also that RAC
L /RCA

R begins to be
significant while IAC is still negligible. So, according to
the discussion of eq 25, the current would be I = IAC for
large enough λ2.

For Δφ > φR
EETV(CA)/(1 � w), the forward C f A

transition can also occur efficiently and the current
can increase to its maximum high-voltage value that
depends on the details of the molecular-leads cou-
pling. For the coupling parameters used in the figure
we have Imax = (4/3)(IAB)max = (4/3)(IAC)max in panels a
and b and Imax = (20/11)(IAB)max = (20/11)(IAC)max in
panel c, where the different coupling strengths do not
lead to qualitatively new features. Current increase
beyond the NDR as predicted in Figure 7 is indeed
observed in many systems.34�38,58 In contrast, the
mechanism implied by eqs 24 or 26 predicts that the
current plateaus at voltages above the NDR peak (see
the Methods section).

The situations described in Figure 7 show that
condition of eq 24 is not necessary for the occurrence
of NDR in the presence of environmental relaxation.
NDR occurs even though the AB and AC transport
channels are accessed in distinct bias ranges (e.g., cf.
the solid and dash-dot curves in Figure 7a). In agree-
ment with the discussion of eq 20, the situations
depicted in Figure 7 cannot occur for λ1 = λ2 = 0, which
can give only the blue characteristic.

In such NDR scenarios, the peak-to-valley current
ratio increases with the separation of the bias ranges
where the ET processes in the two channels are
accessed. Moreover, the shape of the NDR phenomen-
on is particularly sensitive to changes in ε2 � μ. For
example, reducing ε2�μ (see thegreen line in Figure 7)
increases the EETV pertaining to RCA

R (which dictates
the threshold voltage for access of the AC channel at
high w values) but also decreases the EETV pertaining
to RAC

L and, thus, the bias at which NDR starts. This
modulates the shape of the NDR region and can bring
about a considerable increase in the peak-to-valley
current ratio.

Temperature-Dependent NDR, Controllable by the Channel
Reorganization Energies. Other interesting NDR effects
thatmay occur under asymmetric junction bias distribu-
tion are shown in Figure 8. Equal coupling strengths to

each lead in the two conduction channels are as-
sumed here, and hence, NDR would not be predicted
by eq 24. Still, it is observed in Figure 8a,b (another
example is provided in Figure S2 of the Supporting
Information). Here we discuss the temperature de-
pendence of these observations. The following points
are noteworthy:

(a) The occurrence of this NDR does not depend
critically on the values of the couplings to the
leads.

(b) The NDR peak height can either decrease (as in
panel a) or increase (panel b) with temperature,
depending on the proximity of λ1 to λ2.

(c) In both cases, the peak to valley current ratio
decreases with increasing temperature.

(d) We have noted above that the nuclear reorga-
nization smoothes the voltage dependence of
the current. As is clear from eq 7 and expected
on physical grounds, this is also caused by a
temperature increase.

NDR behaviors as in Figure 8a,b have been both
observed in different experiments.35�37 To understand
these two different temperature dependencies of the
NDR peak, it is useful to consider the simple case of
transport through a single channel with λ1 = 0, illu-
strated in Figure 9. For definiteness, we assume that at
zero bias the molecular level lies above the electrodes'
Fermi level: ε1 � μ > 0. Under the kinetic scheme
considered here, at low enough voltages, an increase in
Twill enhance electron transport through this level. On
the contrary, at high biases, when themolecular level is
within the Fermi window, the current decreases with
increasing T, as it can be easily realized by considering
the Fermi populations involved.

This observation changes quantitatively, but not
qualitatively, when the reorganization energy is finite,
as it is displayed in Figure 9. This is also the temperature
dependence of I = IAB before the onset of NDR in
Figure 8a,b. Depending on the relative values of λ1 and
λ2, hence, on the differences between the EETV values
corresponding to the two channels, the departure of I
from IAB and its consequent peak can occur over a
voltage range where IAB is affected either positively or
negatively by temperature increase. This explains the
opposite trends for the intensity of the current peak in
Figure 8a,b. On the other hand, in both cases, the NDR
and the consequent minimum in the current occur in a
bias voltage range where IAC increases with tempera-
ture, which entails less charge trapping in state |Cæ and
a smaller peak-to-valley current ratio with increasing
temperature.

No NDR is obtained with the choice of λ1 and λ2 in
Figure 8c. Altogether, Figure 8a�c suggests a strategy
for controlling the occurrence, realization (in particular,
the voltage and the intensity of the peak current), and
temperature dependence (peak shift and suppression
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or enhancement) of NDR based on the relative values
of λ1 and λ2, that is, on the composition and operation
of the (solvated) bridge system. The proposedmechan-
ism does not make any specific assumptions on the
nature of the molecular bridge and the electrodes,
except for a few parameters that globally characterize
the energetics of the molecular system (ε1, ε2, λ1, and
λ2). Such a generality may have important implications
for practical purposes.

The different regimes of the I�V behavior ana-
lyzed above are summarized in Table 1, with special
attention devoted to the symmetry properties of
the molecule�lead contacts and to the effects of
the reorganization energies on the occurrence of
NDR.

Effect of Backward Electron Transitions. In this sectionwe
examine NDR effects that are strictly related to the
voltage-dependent backward electron transitions
starting from a blocking state (i.e., a molecular state
that can be filled by ET from the L contact but cannot
be emptied via ET to the R contact because its coupling
to this contact is negligible).

Assume that |Cæ is the blocking state. This means
that γ2

R = 0, and thus, RCA
R and RAC

R are negligible
throughout the explored voltage range. On the other
hand, the electron transitions between themolecule in
state |Cæ and the Lmetal can have appreciable rates RAC

L

and RCA
L over a suitable bias voltage range that de-

pends on the nature of the system. Moreover, accord-
ing to the analog of eq 9 for channel 2 and the L

contact, it is

RLAC=R
L
CA ¼ exp

μ � ε2 � eφL

kBT

� �
(27)

so that the C f A transition is faster than the reverse
transition forΔφ =�φL/w < (ε2� μ)/(ew). If the current
through channel 1 becomes appreciable in this voltage
range, |Cæ does not behave as a trapping state, even if
RAC
L and RCA

L are both small.59 Instead, for Δφ > (ε2 �
μ)/(ew), the C f A transition at the L interface is
forbidden (i.e., |Cæ starts to act as a trapping state)
and NDR takes place. This NDR is not predicted by
eq 15, which neglects the backward ET processes in
both channels. On the other hand, as seen in the
theoretical section, the backward ET rates RBA

L and RAB
R

are negligible at bias voltages for which IAB is appreci-
able. Ultimately, the NDRmechanism under considera-
tion can be described by retaining only the rates RAB

L ,
RBA
R , RAC

L , and RCA
L in eq 14, which leads to

I =
IAB

1þ RRBA
RLAB þ RRBA

exp
μ � ε2 � eφL

kBT

� � (28)

where IAB is given by eq 12. Results based on eq 28 are
displayed in Figure 10. In particular, Figure 10a shows a
successful application of this equation in a common
case where eq 15 fails to describe the correct curren-
t�voltage characteristic. Thus, eq 28 can be a useful
and simple analytical expression for the fitting and
interpretation of some phenomena of current collapse
and NDR that are missed if effects of backward transi-
tions are disregarded altogether.

The above analysis indicates that NDR occurs if the
threshold bias voltage for appreciable current via

channel 1 is smaller than (ε2 � μ)/(ew). In fact, NDR is
obtained in Figure 10a, while it is virtually absent in
Figure 10b, where this condition is not satisfied. Notice
also that, according to eq 28, the current is cut off
within a voltage range of a few thermal voltages kBT/e
(as it is observed in many experiments33,35), onceΔφ >
(ε2 � μ)/(ew). Thus, the lower is T, the sharper is the
descent of the I � Δφ characteristic (see Figure 10c),
namely, the more pronounced is the NDR peak.

Figure 8. I/(eγ1
L) versusΔφ eq 14 in the two-channel model system. The reorganization energy of the AC transport channel is

fixed at the value λ2 = 1.2 eV,while that of theAB channel is givenby (a) λ1 = 0.3 eV, (b) λ1 = 0.6 eV, and (c) λ1 = 0.9 eV. The I�Δφ
characteristics in black and blue correspond to T = 298 K� T0 and T0/3, respectively. The other parameters are�φL =wΔφ and
φR = (1 � w)Δφ, with w = 0.8, γ1

R = γ2
R = 4γ1

L = 4γ2
L, ε1 � μ = 0.2 eV, and ε2 � μ = 0.4 eV. Black dashed line: IAB.

Figure 9. I/(eγ1
L) versus Δφ, eq 14 for �φL = φR = Δφ/2, γ1

L =
γ1
R, and ε1� μ = 0.5 eV. The black (λ1 = 1 eV) and blue (λ1 = 0

eV) lines correspond to T = T0 = 298 K, while the green and
cyan ones are respectively obtained for T = T0/3.
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It is also interesting to compare the NDR mechan-
isms operating in cases like those of Figure 6b and
Figure 10a. In the first case, the crossing between the
values of RAC

L and RCA
L occurs at a voltage where RCA

R

dominates the C f A transition rate, as RCA
R increases

with the voltage and γ2
R is not negligible (even though

γ2
L > γ2

R). Consequently, the current�voltage response
is dominated by the forward ET rates RAC

L and RCA
R , the

NDR region begins at biases such that RAC
L > RCA

R , and
the decrease in the current is much less sharp than that
in Figure 10a,b. On the contrary, when |Cæ is a blocking
state, the role played by the backward transition of rate
RCA
L on the I � Δφ response is accentuated, and is

visible in the shape of the NDR peak.
The role of the C f A backward transitions in

causing NDR, discussed in this subsection, cannot be
grasped by the analysis30 leading to eq 24, because this
equation is obtained from the plateau currents for the
one-channel and two-channel transport regimes over
voltage ranges where all backward electron transitions
are disregarded (see also the Methods section).

CONCLUSIONS

This article has focused on nonlinear transport prop-
erties of molecular conduction junctions as revealed
from aMarcus-level theory applied to aminimal model
of a molecular junction characterized by the following

attributes: (a) Electronic conduction is dominated by
two charging states of the bridge molecule, referred to
as a neutral and a negative ion species, weakly coupled
tometal electrodes. (b) Two states (e.g., the ground and
first-excited states of the isolated molecule) of the
charged species are involved in conduction in the
voltage range of interest, implying two conduction
channels. (c) These states are characterized by different
electron localization properties, an effect that is further
enhanced by environmental relaxation. (d) The cou-
pling between molecule and metal leads is weak
enough to allow analysis based on Marcus theory.
The latter attribute is technical, and can be relaxed in
more advanced treatments.
The resulting generic model shows pronounced

nonlinear transport behavior and provides an alterna-
tive rationalization of many observations that are
otherwise interpreted as voltage induced conforma-
tional changes. Both switching mechanisms are ex-
pected to exist in different molecular conduction
situations, and they can be distinguished by their
response to gating.
In the Marcus-level approach, valid in the weak

molecule�lead couplings' limit and at relatively high
temperatures, the current is obtained in terms of the
rate constants for the individual molecule�electrode
ET processes. These rates can be expressed in simple

TABLE 1. Behavior of the I�V Characteristic in the Three-StateModel as a Function of the Relative Values of the Coupling

Strengths to the Contacts and the Channel Reorganization Energies, λ1 and λ2, for ε2 > ε1
a

K = R, L couplings in channel i = 1, 2 w λi I�V characteristic Ipeakvs T rpv vs T reference figures

γ1
L = γ1

R = γ2
L = γ2

R ∼1/2 λ2 ∼ λ1 one step, no NDR 4
γ1
L = γ1

R = γ2
L = γ2

R ∼1/2 λ2 > λ1 two steps, no NDR 4
γ1
L = γ1

R = γ2
L . γ2

R ∼1/2 λ2 ∼ λ1, λ2 > λ1 NDR 6
γ1
L = γ1

R = γ2
L . γ2

R ∼1/2 λ2 < λ1
b one step, no NDR 6

γ1
L = γ1

R = γ2
L . γ2

R ∼1/2 λ2 = λ1 = 0 NDR 6
γ1
L = γ1

R = γ2
L . γ2

R ∼1/2 λ2 , λ1
c two steps, no NDR 6

γi
R = kγi

L, k g 1 >1/2 λ2 . λ1 NDR decreases decreases 7, 8
γi
R = kγi

L, k g 1 >1/2 λ2 > λ1 NDR increases decreases 7
γi
R = kγi

L, k g 1 >1/2 λ2 ∼ λ1 6¼0 (=0) no NDR 8 (7)

a w is the voltage division factor defined by eq 17, Ipeak is the peak current, and rpv is the peak-to-valley current ratio.
b Indeed, according to the analysis of Figure 6, λ2 has to be

less than λ1 if ε2 > ε1, in order to have similar EETVs for the two channels. Yet λ1 and λ2 are comparable for reasonable values of ε2� ε1.
c λ1 has to be sufficiently larger than

λ2 to invert the order of channel access from that predicted by ε2 > ε1 in the λ1 = λ2 = 0 case.

Figure 10. I/(eγ1
L) versus Δφ, from eq 14 (solid black) and the corresponding approximations, eq 15 (red) and eq 28 (green),

except for panel c, where only eq 14 is used. Parameters are T= T0 = 298 K,�φL= φR=Δφ/2, γ1
L = γ1

R= γ2
L, γ2

R= 0, and (a) ε1� μ =
0.2 eV, ε2� μ = 1.0 eV, λ1 = λ2 = 0.4 eV; (b) ε1� μ = 0.2 eV, ε2� μ = 0.4 eV, λ1 = 1.2 eV, λ2 = 1.4 eV; (c) ε1� μ = 0.1 eV, ε2� μ = 0.6
eV, λ1 = 0.35 eV, λ2 = 0.7 eV, and temperatures T0 (black), 2T0 (red), T0/2 (blue), and T0/4 (green).
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analytical forms that allows for exploration of different
approximations and limits. The resulting kinetic frame-
work leads to a rich phenomenology of nonlinear
transport phenomena. In particular, the following as-
pects of transport in this regime were discussed:

(1) The dependence of the current�voltage re-
sponse on molecular and, especially, solvent
relaxation, as expressed by the reorganization
energies associated with transitions between
the different molecular electronic states, was
elucidated.

(2) The important effect of nuclear reorganization
on current rectification phenomena associated
with asymmetric voltage distribution across the
junction was pointed out.

(3) The role played by nuclear reorganization in
determining the existence and the onset of
negative differential conductance through such
junctions was investigated and clarified. The
main effect of nuclear relaxation was shown to
be the redefinition of accessibility criteria to the
different conduction channels involved in the
three-state model.

(4) The current�voltage behavior beyond the NDR
regime was investigated. In particular, current
increase at higher voltages, as shown in Fig-
ures 7 and 8, is strictly related to the interplay
between the potential distribution across the
junction and the presence of nuclear relaxation.

(5) When NDR is seen, its dependence on tempera-
ture has been studied. Room temperature or
even higher temperature NDR are found, in
agreement with many recent observations in
diverse nanodevices.34�39 Our theoretical anal-
ysis shows that the NDR peak in the curren-
t�voltage characteristic can either increase or
decrease with temperature, whereas the peak/
valley ratio always decreases with increasing
temperature. Such conclusions are in general
agreement with a variety of experimental re-
sults reported in the literature (e.g., see refs
33,35, and 37).

(6) Approximate expressions previously employed
to describe only plateau currents30 were shown
to describe well the full current�voltage beha-
vior in many situations. Cases where such ex-
pressions fail were also highlighted and clarified.

The Marcus theory based kinetic framework used in
this work is valid under well-known conditions, in
particular, the weak molecule�electrode coupling
condition that implies that local thermal equilibrium
is achieved on a fast time scale relative to electron-
transfer rates. It should be pointed out, however, that
this condition is not always simple in present contexts,
because the coupling itself changes with the evolution
of solvent response. A fully equilibrated molecular

electronic state can be weakly coupled to a nearby
metal even if the bare electronic coupling is large
because of the involvement of nuclearmatrix elements
(Franck�Condon factors) that evolve during the solva-
tion/relaxation process. This makes the analysis of
intermediate cases particularly hard in such systems.
Here we avoided this difficult regime and focused on
situations that are characterized by weak coupling
kinetics.
The generic nature of our model may limit its

applicability to analyzing detailed properties of indivi-
dual systems. On the other hand, the generic origin of
the properties investigated, in particular, the important
phenomenon of negative differential resistance and its
dependence on just a few simple parameters is poten-
tially important for nanotechnology applications. It is
worth noting that our discussion of the computational
results offers some hints on the physical parameters
that can be tuned to get different behaviors regarding
NDR; e.g., see the effect of the λ1 value, which depends
on the choice of the bridge, in Figure 8.
Because of its simplicity and generic nature, the

kinetic description used in the present paper provides
a useful framework for further investigations on elec-
trochemical redox reactions at metal electrodes and
electrochemical redox junctions. In a subsequent pa-
per we study multistability and hysteresis phenomena
as described by within the same framework.

METHODS

Modeling the Potential Drop Across the Bridge and Evaluating
the ET Rates. First, we wish to point out the reasons for
our choice to characterize the potential distribution
across the molecular bridge by means of an effective
potential. In redoxmolecules, the localization of excess
charge on a redox center allows to conveniently
describe the ET to and from the metal contacts by
assigning a given effective (e.g., average) electrostatic
potential to the relatively small region (as compared to
the size of the molecule) where the excess electron is
localized. For example, this consideration applies to the
molecular systems mentioned in the discussion of
rectification, where the side chain of a monomer is
replaced by a redox group. In nonredoxmolecules with
large capacitance,60 the transferring excess electron is
expected to spread over the whole molecule, thus,
yielding a rather uniform contribution to the electro-
static potential distribution, as recently shown via a
density-functional theory approach.60,61 Also, such
molecules can be well described by means of a single
potential value. In this work, we use a model where an
effective potential describes the molecular bridge in a
given charge transport channel, by considering it as a
“zero-order” approximation to any case that can arise
in molecular junctions.

Let us now consider the expression of RAB
K in eq 6a,

where φK (K = L or R) is the potential of the electrode
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relative to the molecular system. We separate the
integrations over the positive and negative E ranges,
change the integration variable in the integral over the
negative energy range to �E and rename it E, rear-
range the exponentials in the Fermi functions, and
exploit the summation rule of the geometric series,
thus obtaining the following:

RKAB ¼ γK

2
ffiffiffiffiffiffiffiffiffiffiffiffiffi
πλkBT

p
Z ¥

0
dE

exp � E

kBT
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(29)

where the notations λ� λ1 and γ
K� γ1

K are used for the
sake of simplicity. Further elaboration requires the
interchange of the integration and summation opera-
tions. This is appropriately allowed by Lebesgue inte-
gration theory even in the presence of improper
integrals.62 However, the extension of the integration
interval to þ¥ is, indeed, an approximation.41 More-
over, the summation needs to be truncated at a finite
value of n in any application of eq 29, because the
analytic form of the sum of the series is not known.
Therefore, we can anyway truncate the series to a value
of N that is large enough for the convergence of the

results in the given system and write

RKAB ¼ γK

4
ffiffiffiffiffiffiffiffiffiffiffiffiffi
πλkBT

p exp �(RK � λ)2

4λkBT

" #
∑
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n¼ 0

1
2n ∑
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2λkBT
E

" #)
(30)

The integral in eq 30 is given by the formula63Z ¥

0
exp �x2

4β
� γx

 !
dx

¼
ffiffiffiffiffiffi
πβ

p
exp(βγ2)[1 � erf(γ

ffiffiffi
β

p
)]

¼
ffiffiffiffiffiffi
πβ

p
exp(βγ2)erfc(γ

ffiffiffi
β

p
), (Reβ > 0) (31)

so that the first eq 7a is finally obtained. Analogously,
for RBA

K , we obtain

RKBA ¼ γK
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ffiffiffiffiffiffiffiffiffiffiffiffiffi
πλkBT

p
Z ¥

0
dE

1

1þ exp � E

kBT

� �
8>><
>>:

�exp �(EþRKþλ)2

4λkBT

" #
þ
Z ¥

0
dE

1

1þ exp
E

kBT

� �

�exp �( � EþRKþλ)2

4λkBT

" #9>>>=
>>>;

¼ γK

2
ffiffiffiffiffiffiffiffiffiffiffiffiffi
πλkBT

p
Z ¥

0
dE

1

1þ exp � E

kBT

� �
8>><
>>:

�exp �(EþRKþλ)2

4λkBT

" #
þ
Z ¥

0
dE

exp � E

kBT

� �

exp � E

kBT

� �
þ 1

�exp �( � EþRKþλ)2

4λkBT

" #9>>=
>>; ¼ γK

4
ffiffiffiffiffiffiffiffiffiffiffiffiffi
πλkBT

p

�exp �(RKþλ)2

4λkBT

" #Z ¥

0
dE

1

1 � 1 � exp � E

kBT

� �" #
=2

� exp � E2

4λkBT
� λþRK

2λkBT
E

 !2
4

þ exp � E2

4λkBT
� λ � RK

2λkBT
E

 !#

¼ γK

4
exp � (RKþλ)2

4λkBT

" #
∑
N

n¼ 0

1
2n ∑

n

j¼ 0
( � 1) j n

j

� �
[χj(λ, T,RK )

þ χj(λ, T, � RK )] ¼ RKAB

exp �(RKþλ)2

4λkBT

" #

exp �(RK � λ)2

4λkBT

" #

A
RTIC

LE



MIGLIORE AND NITZAN VOL. 5 ’ NO. 8 ’ 6669–6685 ’ 2011

www.acsnano.org

6683

¼ RKAB exp �RK

kBT

� �
¼ RKAB exp �μK � ε1 � eφK

kBT

� �
(32)

that is the second eq 7a. Hale's approximation45

amounts to include only χ0(λ,T, � RL) in RAB
L and

χ0(λ,T,RR) in RBA
R , which leads to

RLAB =
γL

2
erfc

λ � RL

2
ffiffiffiffiffiffiffiffiffiffi
λkBT

p
� �

(33)

and

RRBA =
γR

2
erfc

λþRR

2
ffiffiffiffiffiffiffiffiffiffi
λkBT

p
� �

(34)

respectively. Indeed, the detailed analysis of eqs 7a�7d,
which is reported in the Supporting Information,
identifies the limits of applicability of eqs 33 and
34, therefore, clarifying and justifying their use under
weaker physical conditions than the ones implicit in
Hale's derivation. In short, eqs 33 and 34 can be used
at high enough bias voltages or at any voltage if the
reorganization energy is sufficiently large. Note that
eqs 8a and 8b result immediately from eqs 33 and 34,
respectively.

Two-State and Three-State Models of the Conduction.
When the molecular bridge is modeled as a two-state
system, the steady-state expression of the master
equation is given by eq 10 and brings about the bias-
dependent state probabilities

PA ¼ RBA
RAB þ RBA

PB ¼ RAB
RAB þ RBA

:

8><
>: (35)

The steady-state current I, which equals both the left
and right terminal currents, is given by

I

e
¼ PAR

L
AB � PBR

L
BA ¼ � PAR

R
AB þ PBR

R
BA

¼ RLABR
R
BA � RLBAR

R
AB

RAB þ RBA
(36)

Both the terms in the numerator of eq 36 must be
considered at small biases, i.e., whenΔφ is smaller than
or comparable with VT. For example, at zero bias, the
current is zero because eq 9 gives

RLBA(0)R
R
AB(0) ¼ RLAB(0) exp � R

kBT

� �
RRBA(0) exp

R
kBT

� �

¼ RLAB(0)R
R
BA(0)

(37)

where R � μ � ε1 and the dependence of the rates on
the potential drop across the junction has been shown
explicitly. Moreover, the initial linear dependence of
the current on the voltage is also obtained from the
complete expression for the current. In fact, up to terms
linear in Δφ, it is

I(Δφ)
e

=
RLAB(0)R

R
BA(0)

RAB(0)þ RBA(0)
Δφ

VT
(38)

Let us now consider the casewhere threemolecular
electronic states are involved in the transport. The
steady state master equation is

dPA
dt

¼ � PA(RAB þ RAC )þ PBRBA þ PCRCA ¼ 0

dPB
dt

¼ PARAB � PBRBA ¼ 0

dPC
dt

¼ PARAC � PCRCA ¼ 0:

8>>>>><
>>>>>:

(39)

The resulting bias-dependent probabilities, subject to
the normalization condition PA þ PB þ PC = 1, are

PA ¼ 1

1þ RAB
RBA

þ RAC
RCA

; PB ¼ RAB
RBA

PA;

PC ¼ RAC
RCA

PA (40)

The steady-state current I equals the currents at both
the left and right contacts. Using the expression for the
left terminal current, we obtain

I

e
¼ PAR

L
AB � PBR

L
BA þ PAR

L
AC � PCR

L
CA

¼ PA RLAB þ RLAC � RAB
RBA

RLBA � RAC
RCA

RLCA
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¼ 1

1þ RAB
RBA

þ RAC
RCA

RLABR
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BA � RRABR

L
BA

RAB þ RBA

RAB þ RBA
RBA

 

þ RLACR
R
CA � RRACR

L
CA

RAC þ RCA

RAC þ RCA
RCA

�

¼ 1
e

1

1þ RAB
RBA

þ RAC
RCA

IAB 1þ RAB
RBA

� �
þ IAC 1þ RAC

RCA

� �" #

(41)

where IAB and IAC are given by eq 36 as applied to the
AB and AC transport channels, respectively. Finally,
insertion of eq 9 and the corresponding equations
for theAC conductionmode into eq 41 leads to eq 14 in
the main text. Notice that at high enough voltage all
state probabilities saturate to 1/3 in symmetric junc-
tions with equal coupling strengths in the two chan-
nels. Then, the AB and AC channels are endowed with
equal high-voltage probabilities: PAþ PB= PAþ PC= 2/3.
Because these channels are mutually exclusive, accord-
ing to eq 41, the current saturates to 2γ1

L/3.
In ref 30, sequential access of the two transport

channels is assumed. Then, the master eq 39 is solved
in a bias range where channel 2 has not yet been
accessed, which leads to the state probabilities in
eq 35. At positive voltages such that the steady-state
plateau current via channel 1, Ip1, is attained, the
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backward ET rates can be disregarded and the forward
ET rates are given by the pertinent molecule-metal
coupling strengths, so that eq 12 is obtained and the
plateau current is written as

Ip1
e

¼ γL1γ
R
1

γL1 þ γR1
(42)

The solution of the full system of eq 39 under the same
assumptions as above gives the final plateau current in
the form of eq 15, hence

Ip2
e

¼ γL1 þ γL2

1þ γL1
γR1

þ γL2
γR2

(43)

NDR occurs if Ip1 > Ip2, which, by insertion of eqs 42 and
43, yields the condition of eq 24.30
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